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Abstract
Calculating the spinor connection in curved spacetime is a tiresome and fal-
lible task. This pedagogical paper display an equivalent but simple form of the
covariant derivative for both the Weyl spinor and the Dirac bispinor, which is
more convenient for calculation, and its geometrical meanings are more distinct.
We separate the spinor connection into two parts. One is caused by geometry,
but the other results in gravimagnetic effects. For a spinor in skew spacetime,
the principle of equivalence seems to be broken.
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1 Covariant derivatives of the spinors
The covariant derivatives of a spinor have been constructed by several authors[1, 2, 3,
4, 5], but their formalisms are in the highly compact form which are not convenient for
calculation, and their geometrical and physical meanings are hidden. In [6] we got some
explicit representation of the vierbein formalism. In [7] we derived the corresponding
energy momentum tensor. Here we give some simplification for spnior connection and
analyze its meanings.









































In the flat spacetime, the Dirac equation for bispinor φ is equivalent to












(1.6) is also the so-called chiral representation in gauge theory.
In the vierbein formalism for the curved spacetime, assume xµ be the coordinates,
dx¯a be the local frame, then
dxµ = hµadx¯






















where ηab = diag[1,−1,−1,−1] is the Minkowski metric. Denote the Pauli matrices in
curved spacetime by  ρ
µ = hµaσ








then we have ρµρ˜ν+ρν ρ˜µ = ρ˜µρν+ ρ˜νρµ = 2gµν . In curved spacetime, the field equation




where ∇µ = ∂µ + Γµ, ∇˜µ = ∂µ + Γ˜µ are the covariant derivatives of ψ and ψ˜, Γµ and
Γ˜µ are spinor affine connections satisfying[6, 7] Γµ =
1
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(ρα∂µρ˜α − Γαµα)− 18∂αgµβ(ραρ˜β − ρβ ρ˜α).
(1.11)
For Dirac equation (1.4) we define Dirac matrices in curved spacetime by ̺µ ≡ hµνγν ,
then ̺µ satisfies the Clifford algebra ̺µ̺ν + ̺ν̺µ = 2gµν.For Dirac bispinor φ, we have








α̺β − ̺β̺α). (1.12)
2
2 Simplification of the spinor equation




ρµ(ρ˜α∂µρα − Γαµα)− 18∂αgµβρµ(ρ˜αρβ − ρ˜βρα),
Γ˜ ≡ ρ˜µΓ˜µ = 14 ρ˜µ(ρα∂µρ˜α − Γαµα)− 18∂αgµβρ˜µ(ραρ˜β − ρβ ρ˜α).
(2.1)
By the symmetry gµν = gνµ, we can easily check Ω ≡
i
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For the diagonal metric we have Ω = Ω˜ = 0[6].
The Lagrangian corresponding to (1.10) becomes








[ψ+(Γ− Γ+)ψ + ψ˜+(Γ˜− Γ˜+)ψ˜]−m(ψ˜+ψ + ψ+ψ˜),
= Re〈ψ+ρµi∂µψ + ψ˜+ρ˜µi∂µψ˜〉+ ψ+Ωψ + ψ˜+Ω˜ψ˜ −m(ψ˜+ψ + ψ+ψ˜).
(2.3)



























ρµ;µψ + Ωψ −mψ˜,
where ρµ;µ = ∂µρ
µ + Γµµνρ








ρ˜µ;µ + Ω˜)ψ˜ = mψ,
(2.4)
Projecting ∂µρ





a ≡ kµρµ = kµhµaσa,













a + ∂µ ln
√
g)ρµ. (2.5)












ν − ∂νlaµ). (2.6)
For any 3− d vector ~A, ~B, it is easy to check
(~σ · ~A)(~σ · ~B) = ~A · ~B + i~σ · ( ~A× ~B).
3
Denote
ρα = hα0 +
~hα · ~σ, ρ˜α = hα0 −~hα · ~σ, ∂µρα = ∂µl 0α −~lα · ~σ, (2.7)















~hα · ~σ)(hβ0 −~hβ · ~σ)∂αρβ ,
= [(hα0h
β
0 −~hα · ~hβ)− (hα0~hβ − hβ0~hα) · ~σ
−i(~hα ×~hβ) · ~σ](∂αl 0β − ∂α~lβ · ~σ),
= i[(~hα ×~hβ) · ∂α~lβ − ∂αl 0β (~hα ×~hβ) · ~σ
+((hα0
~hβ − hβ0~hα)× ∂α~lβ) · ~σ] + Hermitian terms.
(2.8)




(~hα ×~hβ) · ∂α~lβ − ∂αl 0β (~hα ×~hβ) · ~σ + [(hα0~hβ − hβ0~hα)× ∂α~lβ] · ~σ
)
. (2.9)





(~hα ×~hβ) · (l 0µ ∂α~lβ −~lµ∂αl 0β ) +~lµ · [(hα0~hβ − hβ0~hα)× ∂α~lβ ]
)
. (2.10)
Then (2.4) becomes  ρ
µ[i(∂µ +Υµ) + Ωµ]ψ = mψ˜,
ρ˜µ[i(∂µ +Υµ) + Ωµ]ψ˜ = mψ.
(2.11)
Correspondingly, the Dirac equation (1.4) in the curved spacetime becomes
̺µ[i(∂µ +Υµ) + Ωµ]φ = mφ. (2.12)
The separation of connection Υµ and Ωµ has important physical meanings. Υµ is
only caused by geometry, but Ωµ has physical effects, which takes the place of electro-
magnetic field. For the intrinsically non-diagonal metric, i.e. in the skew spacetime,
Ωµ will results in gravimagnetic effects which interact with the spin. So in the skew
spacetime, we fail to find the Einstein’s lift for the spinors, the principle of equivalence
may be broken by spinors.
3 Examples
(E1). Dirac equation in Schwarzschild metric
Schwarzschild metric is given by
gµν = diag(B(r),−A(r),−r2,−r2 sin2 θ). (3.1)


























































φ = mφ. (3.4)


















φ = mφ. (3.5)
(E2). Dirac equation in general diagonal metric







































, (k = 0, 1, 2, 3). (3.8)
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